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What is it about? - Cluster Algebras of Surfaces

A cluster algebra A(x,y,Q) is an algebra with a combinatorial structure.
One starts with a set of generators X = (x1, x2, ..., xn) with xi in the alge-
bra. This set is called a cluster and its elements cluster variables. The
combinatorial structure of the cluster algebra is given by an operation µ
called mutation which takes one cluster variables xi in the cluster X and
exchange it with a new cluster variable x ′

i giving us a new cluster X ′.

There is a subset of cluster algebras which can be represented using tri-
angulations of surfaces. These surfaces can have a certain number of
sides but also a certain number of punctures (points inside the surfaces)
and boundary components (shape inside the surface with marked points
on them). For example, the triangulation at the bottom left of the poster
has 6 sides, 1 puncture and 2 boundary components, one with 6 marked
points on it and the other with 3 marked points.

Given a surface with a given number of sides, punctures, and boundary
components, a triangulation of the surface will represent a specific cluster
X (set of cluster variables) and the mutation µ of a certain cluster variable
in X will have the same behavior as the "flip" of a certain diagonal in the
triangulation. The "flip" of a diagonal consist of erasing one diagonal of
a triangulation and replacing it with the other diagonal that creates a new
valid triangulation.

The problem I was given is the following: Given an arbitrary 2D triangula-
tion chosen by a user of the software, and given a diagonal in this trian-
gulation, implement an algorithm which will automatically draw the other
valid diagonal which will replaced the flipped one. The new triangulation it
creates corresponds to the unique valid cluster variable x ′

i obtained when
mutating xi , one of its cluster variable.

Different triangulations

An Algorithm for Diagonal flip

Once a triangulation has been given by the user, any diagonal in the trian-
gulation should be able to be flipped. The problem of diagonal flip for an
arbitrary triangulation can be brought back to being able to flip the diago-
nal of an arbitrary quadrilateral. This is an overview of the algorithm which
creates the new diagonal.

We start by identifying the sides of the quadrilateral. Two sides are the
same colors if they are connected by a point that the original diagonal α
started or ended at. We therefore get the following coloring for our quadri-
lateral.

We then draw the biggest circles that fit fully within the quadrilateral and
that touches both lines.

We then connect the center of each circle to form a valid diagonal con-
tained within the parallelogram.

Diagonal Flip for any Triangulation

What to do next? - Computations in Cluster Algebra

Being able to draw and compute the diagonal of more complicated sur-
faces like non-orientable surfaces like the mobius strip1 or surfaces in 3
dimensions would be a good addition to the software.

I would also like to compute the cluster variables the triangulations rep-
resent. This would require to add tagged arcs in the software which are
fundamental in cluster algebras of triangulated surfaces.

It would also be interesting if one could compute other values related to the
cluster algebra like the quiver of the triangulation, the F-polynomial, the g-
vector and the c-vector. This would make the software very interesting for
studying cluster algebra of surfaces. The software would also be a nice
learning tool, providing a visual way to understand cluster algebra.

How to find the software?

The working version of the diagonal flip algorithm is written in Python and is
difficult to share. However, I am currently working on a JavaScript version
of Triangulation Software which will be available on my website.
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